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■Abstract 

The  electromagnetic  form  of  Fabipet's  principle  fora  plane  screen 
differs  from  the  corresponding  principle  in  optics.  1 It  was  first  observed 
by  Booker^  and  has  been  proved  by  Booker,  Copson3  and  Meixner.4  The 
proof  given  here  makes  use  of  vector  field  representations  due  to  Levine 
Una  Schwinger 5 and  has  the  advantage  of  compactness  and  simplicity.-. 


The  Vector  Field  Representations 

A well-known  theorem  states  that  electromagnetic  fields  which  satisfy 
Maxwell's  equations  throughout  a region  are  uniquely  determined  by  the  values 
of  the  tangential  components  of  the  electric  or  magnetic  vectors  on  the  bounding 
surface  of  the  region.  Representations  of  the  interior  fields  in  terms  of  these 
boundary  values  have  been  derived  by  Levine  and  Schwinger**  using  dyadic 
Green's  functions  which  are  defined  as  follows 

(a)  The  electric  field  dyadic  Green's  function r^(F,?')  satisfies  the 
inhomogeneous  vector  wave  equation 

Vx  Vxr(1Vr,f)  - kV!1\r,f')  = €&(?-?*)  (1) 

and  the  boundary  condition 

h xr(1)(f,  r’)  ^ 0 fonS.  (2) 

Here  c represents  the  unit  dyadic,  A the  outward  normal  at  the  surface 
S,  and  6(f-f)  is  the  delta-function  defined  by 


J dv6(?-?')  = 1 

v 


in  v 


dv6(T-r) 


v 


0 f not  in  v 


(3) 
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(b)  The  magnetic  field  dyadic  Green's  function  P ^(f,  r')  satisfies 
the  inhomogeneous  vector  wave  equation 

vxvxr|2,(f,r')  - k2r(2)ff,r')  = c 6(r-P)  (4) 

and  the  boundary  condition 

nx  vxr*2)(?.?f)  = 0 ■?  onS.  (5) 

These  dyads,  T^,  P^,  may  be  interpreted  as  operators  which  transform 

A A 

a unit  electric  or  magnetic  current  vector  j^,  jj^at  r'  in  a region  bounded  at  S 
by  perfectly  conducting  wails  into  an  electric  or  magnetic  field  at  ? in  the  same 
region.  That  is 


E{r) 


jE 


and 


(c)  The  free-space  dyadic  Green's  function  satisfies  a vector 

wave  equation  like  (1)  and  the  radiation  condition  at  infinity.  It  may  be  inter- 
preted as  the  operator  in  an  infinite  region  which  transforms  unit  currents  into 
fields.  Thus,  in  an  unbounded  regiop, 


and 


E(?)  ^^-r(t>)(r.?')  jE 


4irik  ^(01.—  i 
H(rj  = — - — rv 


The  free-space  dyadic  Green's  function  has  the  closed  form 


r“V.  expl -'f'l''  '■  * r(lV  • *V 


(6) 


In  a bounded  region,  r1)  and  r^2^(f,  r')  will  depend  upon  the 

geometric  shape  of  the  bounding  surface  S.  However,  all  dyadic  Green's 
functions  have  the  symmetry  properties: 

r (r,  f)  = [rt»/nlT 

jxr^^r,  r')  = [7'  xr(2>(?',?)]T 


(7) 
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T 

where  P denotes  the  transposed  dyadic  of  r. 

The  desired  representations  of  the  fields  in  a region  in  terms  of  the 
boundary  values  on  its  surface  can  now  be  found  by  making  use  of  Green’s 
second  vector  identity. 

/ dS  n • [B  x (ox  A)  - A x (ox  B)  ] 

S 


/dv  [A  • v x ( v x B)  - B • v x (o  x A)] 


(8) 


If  the  vector  wave  equations  satisfied  by  the  electromagnetic  fields 

and  the  dyadic  Green's  functions  are  invoked,  the  appropriate  choice  of  A 

5 

and  £ leads  to  the  following  pairs  of  integral  formulas: 


E(r)  = - f dS’(n'  x Ei?'))  • (V*  xr(1)(?,^) 
S 

H(t)  = ih  J dS'(n»  x E(T'))  • rt2)(r'.r) 

S 

E(f)  =-  ik  Jd S'(n»  x H(r’))  • 

S 

H(¥j  = - y^dS'(n'  x H(*’))  • v' 

S 

E(r)  = - ik  JdS'(n'  x H(r'))  • r<°)(r',r) 

S 

H(r)  =-  f dS'(n'  xH(r’))  • o'  xr(0)(f',?) 

S 


(9) 


(10) 


(ID 


where  n‘  is  the  outward  normal  frcm  S.  It  should  be  noted  that  in  (11)  one  part 
of  S is  the  surface  of  an  infinitely  large  sphere. 
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2.  Integral  Equation  for  the  Aperture  Field  and 
Screen  Current  for  a Perforated  Flane  Conducting  Screen 

The  integral  formulae  found  in  the  previous  section  can  be  applied 
to  the  diffraction  of  electromagnetic  waves  by  a perforated  plane  conducting 
screen.  For  convenience  the  screen  is  oriented  in  the  plane  z = ft,  and  the 
half-spaces  * > 0 and  z < 0 are  considered  separately.  The  surfaces  of 
integration  include  the  perfectly  conducting  screen  S on  which  zx  E = z H = 0, 
the  aperture  S^,  and  the  surface  of  a large  hemisphere  centered  on  the  aperture. 
If  the  dyadic  Green's  function  for  each  half-space,  z £ 0,  is  denoted  by  then 
(9)  can  be  reduced  to 

E(r)  = ' , r)dSf 

Sa 

z*0  (12) 

H(r)  = -ik  /dS'(£  x E( p '))•  r+(2){^',r) 

S 

a 

E(y)  = Elnc+  Eref  - / B.xE(f')  -7'xr  (1,(|',r)dS' 

S 

a 

’ z<0 

H(f)  =Hinc4  Hrei  + ik  / dS'{zx^(p')).r  U,(p».r) 

Sa  (13) 

Here  use  has  been  made  of  the  boundary  cor.dji.ion  on  the  screen  and  of 
the  radiation  condition  at  infinity.  The  dyadic  Green's  factions  involved  in 
(12)  and  (13)  are  related  to  the  free -space dyadic  Green's  function  a.a  follows5 

r ^(r.r1)  =r^°\r,r')  - r^(r,  r'  - 2zz  • r').  (c  -isi),  z,  z' 2 0 

(2)  (14) 

r + (r,  r')  =r(0)(r,r')  + r<°>(r,  r' - 4z£.  r>)  • («  - 2£z),  z,  z' > 0 

and 


TM8 


-5- 


r (r,  r')  = r+  (r  - 2(z  • r)z,  r'  - 2(z  • r1)  z ) z,  z'  £ 0 (15) 

When  (14)  is  post-multiplied  scalarly  by  a vector  z x «(?'),  it  can  be 
seen  that  for  z'  - 0 

r <.2)(r,  p')  • z x E(p')  = 2r<0)(r,  p')  . i x B(p')  (16) 

With  the  identity  (16)  and  the  symmetry  properties  it  is  now  possible 
to  rewrite  (12)  and  (13)  in  the  form 


E(r)  = vx  Jr(0>( r.p')  • (2z  xE(p')dS* 

Sa 

H(r)  = - ik  Jr(°)(r,  p»)  • (2s  x E(p'))  d S' 


E(3f)  = E^C+  Eref  - ?x  p»)  • (2z  x E(p 


H(r)  = HmC+  Href  + ik  Jr^\ r,  p»)  • (2z  x E(ff))dS’ 


z*0  (18) 


These  formulas  require  knowledge  of  the  tangential  electric  field  in  the 
aperture,  which  is  not  available  in  general.  It  is  possible,  however,  to  formu- 
late the  integral  equations  for  this  furction  by  evaluating  (17)  in  the  aperture 

UdiHq  maw  wvwj.wwa  J VVUUAMVUD  ^ 


* x H(p)  = zxH^) 
z • E(*)  = * • EiH(^) 


? in  S„ 


Then 


/ 

• EinC(p)=  z yx  • (2 z x E(p' 


P in  S_ 


♦These  boundary  conditions  are  proved  in  T.  R.  163. 
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• jf  ‘ 

* x HlnC(p!)  = - ikz  x jr{*h?,p')-  (2  z x E( p ') sdS' 

S 

a 

which  are  the  desired  integral  equations. 

An  analogous  procedure  will  yield  a pair  of  integral  equations  for  the 
current  on  the  screen.  In  this  case  the  perforated  plane  conducting  screen 
is  considered  to  be  an  obstacle  embedded  in  free  space,  and  formula  (11)  is 
used  to  describe  the  fields.  With  the  radiation  condition,  the  symmetry  property 
(7),  and  the  notation 


K(*)  = «x(Hj*)  -H+(jt))  fin  Sg  (21) 

(the  subscripts  + and  - here  denote  the  limiting  values  of  H as  z->0  from  the 
positive  and  negative  side  of  the  screen  respectively),  it  is  found  that 


K(r)  = Emc(r>  - ik  £•)  . K(^»)dS* 


S 


(22) 


H(r)  = H ^(r)  - v x 


Jr{°\x,  p«)  • K(p')dS' 


On  the  screen,  z x E(p)  = z • H( p ) - 0,  so  that 


= ikz  X Jr{Q\f,f')  . K(^')dS» 


) t in  S 


(23) 


• H^tp)  = z . vx  fr  ..?•)  • K(p')dS' 

S_ 


These  are  the  required  integral  equations  for  K. 


3.  Babinet's  Principle 

With  the  integral  equations  found  above  it  is  possible  to  give  a compact 
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proof  of  Babinet's  principle  as  formulated  for  diffraction  of  electromagnetic 
waves  by  a perforated  plane  conducting  screen.  This  principle  may  be  stated 
as  follows: 

Let  an  infinitely  extended  plane  be  divided  intc  two  regions  and  S^. 

Let  Ej  and  be  the  diffracted  fields  produced  when  an  electromagnetic  wave 
inc  _inc 

Ej  = U,  = V is  incident  upon' such  a plane  for  which  consists  of  ap- 

ertures and  of  perfect  conductors.  Let  Eg  H2  be  the- diffracted  fields 
produced  when  the  complementary  electromagnetic  wave  ^nc  = - V,  H^110  = U 
is  incident  upon  the  complementary  plane  for  which  S g consists  of  apertures  and 
of  perfect  conductors.  Then  Babinet's  principle  “states  that  on  the  shadow 
'side  of  the  plane 


E^r)  + H2(r)  = Ufr) 
H^f)  - E2(r)  = V(r)  , 


(24) 


and  on  the  illuminated  side  of  the  plane 


E1(f)  - H^r)  = Uref(r)  , 
Hj(*)  + E2(r)  = Vref(r)  , 


(26) 


j»g£  y 

where  U and  V are  the  specularly  reflected  waves  that  arise  from 
xqc  xnc 

E^  , Hj  , when  the  entire  plane  is  perfectly  conducting. 


The  proof  of  the  principle  proceeds  directly  from  the  integral  equations. 


With  = Sa,  Sg  = Sgf  and  the  incident  wave  E^nc  = U„  = V (20)  becomes 


A 

z • 


u(?>  = £ 


vx  yr'U^(p,p-»)  • (2z  x E1(^'))dS' 
*1 


z X V(p)  =-  ik  z X Jr  p')  . (2z  x E^p'JdS' 

*1 


p in  ^ 
(26) 


For  the  complementary  plane  Sg  = Sa>  = Sg,  and  the  complementary 
incident  field  is  E^c  = -V , = U.  Equation  (23)  can  be  rewritten 
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A 

z X 


V(f)  = -ik£x  fr'Mtf't')  • K2(t')d5' 


* . U(f)  * fc  . VX  fr{0)(?,r)  • K2(ndS» 
Si 

From  equation.*  (26)  and  (27)  it  ia  evident  that 

2$  x E^f)  = K2(^')  r in  ^ 


P in  ^ (27) 


128) 


This  relation  between  the  tangential  component  of  the  electric  field 
in  the  apertures  and  the  surface  current  on  the  complementary  conductors 
makes  it  possible  to  write  integral  formulas  for  the  diffracted  fields  E^,  K 
and  EL,,  H^,  in  terms  of  ^ alone.  Thus  when  corresponds  to  the  apertures 
(17)  and  (1$)  give 


Kj(r)  = 7 x Jr  • K^f'JdS' 


z > 0 


Hj(r)  = -ik  Jr  W(r,f)  • K2(^)dS' 
Si 


E.(ri  * U(r)  + Uref(f)  - 7 x f rW(r,  p')  • K,(p')dS* 

Si 

H^)  = V(r)  f Vref(r)  + ik  jr(®)(?.  p ’)  • )dS» 

Sl 

For  the  complementary  problem  equation  (22)  will  be  used,  and 


(29) 


0 (30) 


Ey?)  * - V{t)  - ik  J r<0)(t,  ?•)  . K2(  p')dS' 

s. 


(31) 
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*y?)  = U(?)-vx  J'r  (%,p‘)  • K2(p')dS' 

S. 


(31) 


Babinet's  principle  follows  at  once  from  equations  (29)  (30)  and  (31). 
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